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Abstract. A (bounded) manifold of circular type is a complex manifold M of 
dimension n admitting a (bounded) exhaustive real function u, defined on M 
minus a point Xo, so that: a) it is a smooth solution on M\{xo} to the Monge- 
Ampere equation (dd'^u)" = 0; b) Xo is a singular point for u of logarithmic 
type and e" extends smoothly on the blow up of M at Xo; c) dd'^{e^) > at 
any point of M \ {xo}. This class of manifolds naturally includes all smoothly 
bounded, strictly linearly convex domains and all smoothly bounded, strongly 
pseudoconvex circular domains of C". 

The moduli spaces of bounded manifolds of circular type are studied. In 
particular, for each biholomorphic equivalence class of them it is proved the 
existence of an essentially unique manifold in normal form. It is also shown 
that the class of normalizing maps for an n-dimensional manifold M is a new 
holomorphic invariant with the following property: it is parameterized by the 
points of a finite dimensional real manifold of dimension when M is a (non- 
convex) circular domain while it is of dimension + 2n when M is a strictly 
convex domain. New characterizations of the circular domains and of the unit 
ball are also obtained. 

1. Introduction 



In this paper we analyze the moduh spaces of a family of complex manifolds, 
which includes the smoothly bounded strictly linearly convex domains and the 
smoothly bounded strictly pseudoconvex circular domains in C". 

More precisely, we consider a larger class of manifolds, called (hounded) manifolds 
of circular type, which naturally includes the previous two families of domains and 
are characterized by the property of admitting a (bounded) exhaustive real function 
u, defined on M minus a point Xo, so that: a) it is a smooth solution on M \ {xo} 
to the Monge-Ampere equation [dd'^u)^ = 0; b) Xo is a singular point for u of 
logarithmic type and e" extends smoothly on the blow up of M at Xo] c) dd'^{e'^) > 
at any point of M \ {xo}- 

In any biholomorphic equivalence class of such domains, we prove the existence 
of an essentially unique manifold in normal form, consisting of the unit ball _B" 
together with a non-standard complex structure J, which satisfies some suitable 
conditions: One of them consists on requiring that the non-standard CR structures 
induced on the spheres ^^""^(r) — { \z\ — r } , Q < r < 1, have the same real distri- 
bution of the standard ones as underlying distribution of J-invariant real subspaces. 
The other conditions on J imply that J is uniquely determined by only one of such 
CR structures. This CR structure is completely determined by a sequence {(f)k}'k=o^ 
of (1, l)-tensor fields on CP"~^ ~ S'^'^~^ {r o) / , obtained by expanding in Fourier 
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series the tensor field (j> that gives the complex structure of the CR structure as a 
deformation of the standard one. As applications, we use these results to obtain 
new characterizations of the circular domains in C" and of the unit ball. 

The normal forms considered in this paper are essentially the same of the nor- 
mal forms constructed in [5l [7] by Bland and Duchamp only for domains that are 
small deformations of the unit ball. The major improvement consists in showing 
that such normal forms exist for any bounded manifold of circular type, i.e. for any 
complex manifold which admits a solution to the described Monge- Ampere differ- 
ential problem. Such result has been obtained by methods and techniques that are 
substantially different from those of [5] and 7 . 

We should also mention that our normal forms can be also considered as versions 
"without distinguished point" of the normal forms constructed by Lempert and 
Bland and Duchamp in [161 [B] , where equivalence classes of pointed strictly convex 
domains were studied. 

In many regards, the properties of normal forms of manifolds of circular type 
recall those of the well-known Chern-Moser normal forms for Levi non-degenerate 
real hypersurfaces ([lOj). For instance, if Z? is a domain of circular type in a Stein 
manifold, it turns out that the class M{D) of the diffeomorphisms f : D ^ B", 
which map D into a normal form (_B" , J) , is naturally parameterized by a subset 
of the automorphism group Aut(i?", Jo) of the standard unit ball (iJ", Jo)- As for 
Chern-Moscr normal forms, this fact determines a natural embedding of Aut(Z3) as 
a subgroup of Aut(_B", Jo). 

On the other hand, in contrast with what occurs for Chern-Moser normal forms, 
the parameter set for the class M{D) is not independent of D and it represents 
an important biholomorphic invariant for the domain (we recall that, on the con- 
trary, the Chern-Moser normalizing maps are always parameterized by the isotropy 
Autx„(-B", Jo) of a fixed boundary point Xo € dB"). 

For example, if is a smoothly bounded, strictly convex domain in C", then 
Af{D) ~ Aut Jo), while if Z) is a generic (non convex) strongly pseudocon- 
vex circular domain, then A/'(-D) — ?7„ C Aut(i?„, Jo). These facts motivate the 
following question: 

Is it true that a domain of circular type D is biholomorphic to a smoothly 
bounded, strictly convex domains in C" if and only ifAf{D) ~ Aut(_B", Jo)? 

We conjecture that the answer is "yes", at least when n > 3 and some bound- 
ary regularity conditions are assumed. However, besides such conjecture, there 
is another reason of interest for the domains of circular type for which Af{D) ~ 
Aut(i3", Jo), namely the abundance of solutions to the quoted Monge- Ampere prob- 
lem that there exists on any such domain (there is at least one such solution for 
any point Xo €: D - see remarks after Thm. 16. 5p . In addition, any such domain is 
endowed with a biholomorphically invariant complex Finsler metric: In case of a 
strictly convex domain of C", this metric is the Kobayashi metric of the domain 
(e.g. [121 EQI El El])- A detailed discussion of this and related questions on such 
domains will be the object of a future paper. 

Some applications of the theory of normal forms we developed here can be found 
in the last section. We obtain f.i. the following result (Thm. 16. 9p : a bounded 
manifold of circular type M, with u : M \ {xo} [0,r^) satisfying a), b), c), is 
biholomorphic to a circular domain in C" if and only if there exists at least two 
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subdomains M^c — { u < c } , M^c' ^{u<c'},0<c<c'<r^, which 
are biholomorphic one to the other by a map fixing Xo- This theorem represents a 
generahzation to any manifold of circular type of results in |17| and [5] , originally 
proved only for smoothly bounded, strictly convex domains in C" or complex Finsler 
manifolds. Such generalization is obtained by an approach which is quite different 
from the ones in fVl] and [2] . By a result in 23J , our Thm. 16.91 has also an 
immediate corollary which gives a new characterization of the unit ball (Cor. 16. lip . 

The structure of the paper is as follows: After §2, devoted to preliminaries, in 
§3 we introduce the circular representation of a manifold of circular type, a map 
which naturally generalizes the standard circular representation of strictly convex 
domains (see |23[ |6]): In §4, the normal forms of domains of circular type is defined 
and the existence of normalizing maps is proved; In §5, it is shown that the complex 
structure of a manifold in normal form is completely determined by the associated 
"deformation tensor" 0; In the same section, the Bland and Duchamp invariants 
determined by Fourier series expansion of 0, are defined; In §6 we give a 
geometrical interpretation of the Bland and Duchamp invariant 0^°-*, we establish 
the parameterization by elements of Aut(i3") of the family of normalizing maps of 
a manifold of circular type and we prove the mentioned characterizations of circular 
domains and of the unit ball. 



2. Preliminaries 
2.1. Notation, first definitions and some basic properties. 

2.1.1. Complex, CR and contact structures. 

In all the following, we will be denoted by Jo the standard complex structure of 
C" and by i?" and S'^n-i _ gj^n ^j^j^ ^^^1 and the unit sphere, respectively, 
centered at G C". We will also indicate by A = B-*^ the unit disc in C. 

For any two complex manifolds (M, J) and (Af, J'), a map f : M ^ M' is 
called (J, J')-holomorphic if o J = J' o f^. However, anytime it will be clear what 
are the considered complex structures, we will just write "holomorphic" in place of 
"(J, J')-holomorphic" . 

We recall that a CR structure on a manifold M is a subbundle P^'" C T^M of the 
complexified tangent bundle of M so that V'^'^^nW^ = {0} and [V^^'^,V^^°] C 2?^'°. 
For any given CR structure, we call underlying real distribution the subbundle V C 
TM determined by the subspaces "D^ = Re(I?;J,'°) C T^M; We also call underlying 
complex structure the smooth family of complex structures Jx ■ T^x "Dx defined 
by Jcc(Re(w)) = Re(i • v) for any S V]:'^ . In the following, a CR structure V^'^ 
will be often indicated by the associated pair (2?, J), of underlying distribution 
and complex structure. Notice that any CR distribution V^-^ can be completely 
recovered from its associated pair (2?, J): In fact, at any x € M, the subspace 
V^.'^ C T^M coincides with the Jj;-eigenspace in V'^ of eigenvalue +i. 

A CR- equivalence between two CR manifolds (M,!?^'") and (M',2?'^'°) is a 
diffeomorphism tp : M ^ M' such that = V'^^°. If we consider the 

pairs {p^J) and {V',J') associated with V^'^ and respectively, it follows 
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immediately from definition that a diffeomorphism ip : M M' is a CR-equivalence 
if and if [V) = V and cf)^[J) = J' 

Let {'DjJ) be a CR structure of hypersurface type (i.e. with codimi? = 1) 
on a manifold AI with dimil/ — 2n — I. Such CR structure is said to be Levi 
non-degenerate if the underlying real distribution I? is a contact distribution. This 
corresponds to say that any 1-form 0, satisfying Ker0|a; — at any x, is a con- 
tact form, i.e. so that 9 A (dfl)" = or, equivalently, so that dO^l-p^xv^ is a 
non-degenerate 2-form on Vx- We would like to point out that this definition is 
completely equivalent to the classical definition of "Levi non-degeneracy" . 

For any real hypersurface S" C C", the CR structure of hypersurface type induced 
on S from the standard complex structure Jo will be denoted by {Vo, Jo) and it 
will be called standard CR structure of S. When S is the smooth boundary of a 
strongly pseudoconvex domain, the distribution Vo is a a contact distribution and 
will be called the standard contact distribution of S. 



2.1.2. Circular domains and Minkowski functions. 

For any ( G C, let us denote hy (■{ ) : C" ^ C" the holomorphic transformation 

C-(z\...,z"+i) ='(C-^\...,C-^"+') ■ (2.1) 

The circle = dA will be often tacitly identified with the compact 1-parameter 
group of holomorphic transformations S'^ = { e'* • ( ) }. We recall that a domain 
D C C""*"^ is called circular if it is invariant under any transformation of S^, while 
it is called circular and complete if it is invariant under all transformations C • ( ) 
with C e A. 

For any complete circular domain D C C", the associated Minkowski function 
is the map fio ■ C"+^ R>o defined by 

^d{z) = - , where t^ = sup{ sgM : s ■ z e D } . (2.2) 

t z 

Notice that, ^_d(C • z) = \C\fiD{z) and that D = { z e C"+^ : fioiz) < 1 }. In 
particular, if D is smoothly bounded, the function t = A*/) — 1 is a defining functions 
for D which is smooth on C"+^ \ {0}. In this case, D is strictly linearly convex if 
and only if r = fijj — 1 has strictly positive Hessian at any x 7^ 0. 

We conclude with the following definition. If Z) C C" is a complete circular 
domain with Minkowski function for any v G TqC" = C" we call standard 
radial disc of D tangent to v the holomorphic map 

For instance, in case D — i?" the "standard radial discs" are the holomorphic discs 
of the form fviC) = C' for some t; e C". We remark that any standard radial disc 
of a smoothly bounded complete circular domain D is indeed a stationary disc for 
S — dD, according to the well-known definition of Lempert ([II]; for a definition 
of stationary discs of an hypersurface see also '30]); for a proof of such property we 
refer e.g. [21], Lemma 3.34. 
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2.1.3. Blow ups of C'^ and lifts of standard radial discs: some elementary facts. 

In all this paper, we will denote by C" the blow up at the origin of C", by 
TT : C" ^ C" the standard projection and, for any domain D C C" containing the 
origin, we will indicate by D the blow up of D at 0, considered as a subset of C". 
In other words, D'= n-'^{D) C C". 

We recall that C" coincides with the tautological line bundle tt : C" = — > 
CP""\ i.e. with the bundle E over CP" given by the pairs {[v], z) G CP""i x C" 
such that 2; e [v], and that the exceptional divisor of C" = E coincides with the 
image of the zero section of tt : i? — > CP". 

Given a system of affine coordinates v = {v^, . . . , w"^^) : U C CP"^^ ^ C"~^ 
for some open subset of CP"~^ we call associated system of coordinates the system 
of coordinates (w,C) = (^^^; ■ • ■ j "^"""^j C) ■ ^ = """H^) C E ^ C", which maps 
any point ([t'], ^ U into the n-tuple, whose first n — 1 components are the affine 
coordinates of [v] , while the last is the unique complex number so that 

{[v],z)={[v\..., I ,...«"-i],C-i;\..., C ^...X-V^-')] . (2.5) 

y i-th place place J 

We conclude this short subsection noticing that any standard radial disc f^ : 
A — !■ P" admits a unique lifted map 

l-.A^W, (2.6) 

which projects down to fy. It can be checked that any map is a stationary disc for 
the sphere 5'^""^, considered this time as a real hypersurface of C". Moreover, the 
image of fy coincides with one of the fibers ofirBn : P" CP"~^. In the following, 
we will shortly refer to the discs fy as the standard radial discs of B^: Notice that 
the images of such standard radial discs determines a holomorphic foliation for P" 
(they are the fibers of the bundle structure of P" over CP"^"'^). 

Analogous conclusions hold for the lifts in C" of the the radial discs /i^'' of a 
complete circular domain D. 

2.2. Manifolds of circular type, indicatrices and Monge-Ampere folia- 
tions. 

In this section, we give the definition of "manifolds of circular type" , a notion 
introduced by the first author in 24J, and we define a few other related concepts 
that will reveal to be essential in the study of the moduli spaces of such manifolds. 
In particular, we are going to show in the next section that any manifold of circular 
type admits a "circular representation" (see §3 for definition) extending a property 
usually stated only for strictly convex domains or circular domains in C". 

2.2.1. Manifolds and domains of circular type. 

In the next phrases, for any function t : M ^ M, we will denote Mr=o = r^^(O) 
and Mr^o ^ M\ Mr=o- 

Definition 2.1. Let M be a non-compact complex manifold of complex dimension 
n. We say that M is a manifold of circular type if it admits an exhaustion function 
T : M — > [0, r^), for some G (0, oo], such that 
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a) TeC"(Af)nC°°(Af,^o); 

b) on Mr=io, T is so that dd'^r > and dd'^ logr > 0; 

c) on M^^o, (dd'^logr)" = 0; 

d) there exists a point Xo G Mr=o so that, if tt : Af — > M is the blow up 
of M at Xo, then r o tt : M ^ M is smooth and there exist two positive 
constant Ci,C2 so that Ci||a; — Xo||^ < t{x) < C2\\x — XoW^ at all points of 
a neighborhood of Xo (here "|| • ||" is the Euclidean norm in some coordinate 
neighborhood centered at Xo)- 

It is easy to see that {t = 0} = {xo} ([2l])- Such point Xo is called center of M 

w.r.t. T and t : M > [0, r^) is called parabolie exhaustive function. If r < oo (i.e. 

T is bounded), we call M bounded. 

A smoothly bounded, relatively compact domain in a complex manifold (M, J) 
is called domain of circular type if {D, J) is a bounded manifold of circular type 
admitting at least one parabolic exhaustive function r, which admits a smooth 
extension up to the boundary and satisfies b) also at the points of dD. For domains 
of circular type, we shall consider only exhaustions that arc smooth and satisfying 
b) up the boundary. For such domains, the expression parabolic exhaustion will 
always mean such a function. 

Lemma 2.2. 

a) Any manifold of circular type is Stein; 

b) if (M, J, r) is a domain of circular type and r, r' are two parabolic exhaustive 
functions of M (smooth up to the boundary) having the same center Xq, then 
t' = kr for some suitable positive constant k. 

Proof. Claim (a) is immediate (see f. i. [19 ). Claim (b) is a consequence of Thm. 
4.3 in JJJ. In fact, M is a hyperconvex domain according to Def. 2.1 in [TT] and 
hence, for the cited theorem, there exists a unique plurisubharmonic function u so 
that u\qm = 0, (dd'^u)"' = and u{z) ^ log jz — Xo] for z — + Xq. This implies that 
logr — u + c and logr' = u + c' where c and c' are the constant values c ~ logT|aj\/, 
c' — logrjaM- From this the claim follows immediately. □ 

Any complete circular domain of C" is a domain of circular type. In fact, for any 
such domain D, if we denote by fiu ■ C" — > M>o the Minkowski functional of D, 
then the map r = is a parabolic exhaustive function with center Xo — 0. Notice 
that, generically, the origin is the only center of a complete circular domain. 

Other examples of domains of circular type are given by all bounded, strictly 
convex domain D C C" with smooth boundary. In fact, using the properties of the 
Kobayashi pseudo-distance of such domains (see [THITSIHI]), we have that for any 
point Xo € D, the function 



(kd = Kobayashi pseudo-distance of D) is a parabolic exhaustive function for D 
which extends smoothly up to the boundary. In particular, any point Xo of a 
smoothly bounded, strictly convex domain D in C" is a center for D w.r.t. some 
parabolic exhaustive function. 
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2.2.2. Monge-Ampere foliations and normal distributions. 

Let (M, J, t) be a bounded manifold of circular type and Xo € M he the center 
for M w.r.t. T. By multiplication of r by positive constant, we may assume that 
T : M [0; !)■ We will also denote by M the blow up of M at Xo- 

First of all, we want recall a basic identity that follows from property (c) of 
Definition l2.1l (see e.g. [29,). Using just the definitions, one finds immediately that 

T^dd" fog T = Tdd^T -drA d^r , (2.7) 

[dd" log rf = Tidd^rf - kdr A d^T A (dd^r)''-^ . (2.8) 
So, condition (c) of Definition 12.11 is equivalent to the equality 

T(ddV)" = ndT A A (ddV)"-i (2.9) 

that has to be satisfied at all points of M \ {xq}- 

Consider now the vector field Z on AI \ {xo} defined by the condition 

dd^riZ, JX) X{t) for any X G T [M \ {xj) . (2.10) 

Let also denote by Z and Ji the J- invariant distributions on M \ {xo\ defined as 
the family of spaces 

Z,j: =%panjj{ Z^ , JZ^ } , (2-11) 
= (Z^O^ =^ { X e T^M : dd^riZ, X) = dd^riJZ, X) = } . (2.12) 
and notice that T^M = (B Hx. Using (2.10) and (2.9), it follows that 

dd^T{Z, JZ)\^ = dT{Z)\^ = . (2.13) 

From (2.13) and (2.7), it can be checked that Z coincides with the family of sub- 
spaces 

=kerdd'=logT|^ (2.14) 

and hence is an integrable distribution. On the other hand, from (2.12) and (2.10), 
it turns out that any space Tix C 7i is tangent to the real hypersurface Sx = { y ■ 
T{y) = 't{x) }. By the fact that Tix is J-invariant and of real dimension 2(n — 1), 

def 

it follows that for any Sc — { r = c }, the distribution 7i\s^ is the real distribution 
underlying the CR structure of Sc. 

The distributions Z and TL are defined just on M\{xo} and they do not extend 
to a regular distribution over the whole M . But they do extend on M: 

Lemma 2.3. The distributions Z and Ti. extend in a unique way as smooth J- 
invariant distributions on the whole blow up M. The extension of Z is integrable 
everywhere, while the extension ofJi is integrable only when restricted on 'r:^^{xo). 
More precisely, after identification of a neighborhood of Tr~^{xo) C M with an open 
neighborhood of CP"~^ in E = C", then Z\cpn-i coincides with the restriction to 
CP"-i of the vertical distribution of tt : E ^ CP"" , while H\cp^-i = TCP''-^ 
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Proof. For what concerns the extendibihty of Z, it suffices to re-write formulae 
(2.7) and (2.10) of ^Ij using a system of coordinates (w^, . . . , w""^, as described 
in (2.5). From those formulae it is immediate to realize that the vector fields Z and 

JZ extend smoothly at CP"^-^ = 7r~-^(xo) C M setting •^([i,],o) = Re q) j , 

JZ([^] 0) = Im ^9/i9C|(-jjjj , and that the extension of Z is integrable. 
About the extendibihty of H, we recall that (see e.g. [31] ) 

Czdd'^T = d {izdd^T) 

= d(^lzdT hd^T + T ■ Izdd'logT^ (2.12),(2^8).(2.11) ^ ^^.IS) 

From (2.15) and (2.12), it follows that H. is preserved by the flow $f of Z on 
\ {iCojQ and hence it is natural to extend Ti. by setting, for any y G CP"^^ = 
7r-i(a;o) C M, 

= ^^j^CH^z^j^)) for some sufficiently small t > . (2-16) 

It is quite direct to check that (2.16) does not depend on t and that in this way 
TL is extended smoothly. Moreover, by Lemma 2.1 in [24j, there exists a smooth 
positive map h such that, in a system of coordinates (2.5), t is of the form 

r{vX) = \(:?h\v)+o{\Q\^) (2.17) 

(see (2.18) below). So, for any y = (H,0) G CP"-\ Ti:^ TyCP''-\ □ 

The integrable distribution Z and its associated foliation, usually called Monge- 
Ampere foliation, were considered for the first time by Bedford and Kalka in [9]. 
We will therefore call the complementary distribution 7i the normal distribution of 
the Monge-Ampere foliation. 



Lemma 2.4. Let (M, J, r) be a manifold of circular type and r, r' two parabolic 
exhaustive functions of M with the same associated center Xo . If there exists c, c' > 
such that $^{t — c} — {t' = c'}, then t' = kr for some positive constant k. 

Proof. By Lemma |2.2[ if we denote by D = {r<c} = {r' <c'}, then 
t\d = ^t'Id for some fc > 0. Replacing r' by A: • r', it remains to show that if 
t\£) ~ t'\]j then t ^ t' . For this, let us denote by r = t o tt and t' — t' on the lifts 
of r, r' at the blow up tt : M ^ M. Let also D = tt^^ (D). Consider a leaf S of the 
Monge-Ampere foliation of M, determined by r, and observe that S O D coincides 
with an the open subset S' O D oi some leaf S' of the Monge-Ampere foliation 
determined by t'. Being S and S" analytic submanifolds of M, S — S' and the 
Monge-Ampere foliations of t, t' coincide. Now, let Z and Z' be the vector fields 
defined via (2.10) by r and r', respectively, and consider the complex vector fields 
^I'O = i(Z - iJZ), Z'l^" = i(Z' - iJZ'). The restrictions Z^'"\s and Z'^-^ls on 
a leaf S of the Monge-Ampere foliation are holomorphic vector fields for 5. Since 
they coincide on SnD, we get that Z^^^ls = -^'^'"Is- By arbitrariness of 5, Z = Z' 
and hence t = t' by (2.13). □ 



The same arguments imply that Ti is preserved also by the flow of JZ. 
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We conclude this section with the following technical lemma, which will be 
needed in the following and shows that TL is uniquely determined by the center 
Xo and the vector field (2.10). 

Let (M, J, r) be a bounded manifold of circular type and n : M ^ M the usual 
blow up at the center Xo- Let also (J', r') another pair so that also (M, J', r') is a 
domain of circular type with the same center Xo and let tt : M' — > M the new blow 
up at Xo- Then, we have the following: 

Lemma 2.5. If {J,t) and (J',t') determine the same vector field Z via (2.10), 
then M = M' (as real manifolds) , t — t' and Ti. = Ti' , i.e. the normal distributions 
of the Monge- Ampere foliations of (M, J, r) and (Af, J' ,t') are the same. 

In particular, the CR structures induced by J and J' on any hypersurface Sc = 
{t — t' — c} have the same underlying real distributions. 

Proof. Consider the identity map between M\'k~^{xo) = M\{xo} = M'\tt'~^{xo) 
and extend it continuously along each integral curve of Z. From Lemma [2.31 such 
map is unique and smooth relatively to the real manifold structures of M and M' 
and implies that we may consider M = M' as real differentiable manifolds. To see 
that T = t', it suffices to observe that, by (2.17) and (2.14), t\^-i(^^^) — t'I^-i^^.^) = 
and, for any x of the form x — $f (y), t > 0, for some y G ti^^{xo), we have 
that t{x) — e*" — t'{x). Finally, since by Lemma [^751 ?i„ = Hy — Tj,CP"~^ for any 
point y G CP"^^ — tt^^{xo), by the invariance of H and H' under the flow of Z, 
the same argument of before implies that Hx = "H'^ at any x £ M.O 



2.2.3. Indicatrices of a manifold of circular type. 

Let (M, J, r) be a bounded manifold of circular type and Xo G M the center for 
M w.r.t. T. As before, we assume that t : M ^ [0, 1). 

Consider a system of complex coordinates (z^, . . . , z") on a neighborhood of Xq 
with z^Xo) = 0, j — I, . . . ,n. By Lemma 2.1 in I24j, there exists a smooth map 
h : 5*2"- 1 -> R>o such that 

^^\z\h(^^^+oi\z\') . (2.18) 



We set 



«:r. Mc.C"^R>o, «(.) = |l^|-K^) if^^O. (2.19) 

[ ifw = 

It can be immediately checked that the value k{v) coincides with 

d 



for any smooth curve 74 with 70 — Xo and jo — v. In particular, it does not depend 
on the choice of the coordinate system. Furthermore we have that 

k{Xv) — \X\k{v) for any A e C 

and that k is a smooth function on Tx^M \ {0}. 
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Definition 2.6. The indicatrix of M at the center Xo determined by r is the 
smoothly bounded, complete circular domain Ix^ C Tx^M defined by 

4„ = { w e Tx^M : k{v) < 1 } . (2.20) 

Remark 2.7. Notice that /^.^ and coincide with the domain G{r) and the 
function a defined in (4.3) and (4.1) of ,,24j, respectively. In particular, by the 
proof of Prop. 4.1 of that paper, dd'^n^ > at all points of Ix„ \ {0} and hence Ix^ 
is strongly pseudoconvex. Observe also that if M is a strictly convex domain in C" 
and r is as in (1.1), then k coincides with the infinitesimal Kobayashi metric of M 
at Xo and Ix„ is the Kobayashi indicatrix of M at Xo- 



3. Circular representations 

In this section, (Af, J, r) is a bounded manifold of circular type, r takes values in 
[0, 1), Xo G M is the center associated with r and / = Ix^ C Tx^M the corresponding 
indicatrix at Xo- Keep in mind that, under an identification Tx^M ~ C", / can be 
considered as a circular domain, whose Minkowski function is the map n defined in 
(2.19). We will also denote by M the blow up of M at Xo and we systematically 
insert the tilde " ~ " on top of symbols of manifolds, domains or maps, whenever 
we want to indicate a blow up or a lift of a map at such blow up. In particular, 
f = T o TT : M ^ [0, 1), 7 arid T^JI are the blow ups of / and Tx^M ~ C" at 
and, for any v £ dl, we set Z^, : A — > / to be the the radial disc of dl, obtained by 
lifting the radial disc /i'^'' and defined in (2.6) and following. 

The purpose of this section is to recall a few well known properties, usually stated 
for strictly convex domains (see e.g. [51 [51 [TH (THl [HI [13]) and which actually hold 
for all domains of circular type. We collect such properties in the next proposition, 
whose proof is a direct application of the results in [24]. Since the notation and 
terminology used |24j is substantially different from the one of this paper, we give 
also an outline of the proof. 

Proposition 3.1. Let {M,J,t) be a bounded domain of circular type with r : 
M [0, 1), and let I C Tx^M be the indicatrix determined by t. Then there exists 
a unique diffeomorphism : I M with the following properties: 

i) ^'|7r-i(o) — Id^-^(Q), provided that we naturally identify the exceptional 

divisor Tr^^{0) ofTx^M with the exceptional divisor tt^^{xo) of M; 

ii) For any t g]0, 1[, consider the map 

$(*):97->M, $(*)(H,z) = *(M,tz) ; (3.1) 

Then <I>('^|gj is a diffeomorphism between dl and the level hypersurface 
S^*) = { r = f2 } c M; 

iii) for any t e]0, 1[, maps the real distribution of the CR structure of 
dl onto the real distribution of the CR structure of S"*-'-* ; 

iv) for any ([u], z) G dl and t g]0, 1[, the map 

ftu) : A - M , /;S,.)(C) - ^{[v]Xz) (3.2) 
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is holomorphic, injective, with /^jj ^-j(9A) C 5^*-* and with fj^^^ ^^{A) equal 
to an integral leaf of the Monge- Ampere foliation of M^t^ = { t < t^ }. 
In case M is a domain of circular type and r is smooth up to the boundary, then 
4* extends smoothly to the boundary with ^(9/) C dM and (Hi), (iv) are valid also 
fort= 1. 

Proof. Pick a complex basis for T^^M and use it to identify T^^M ~ C" in the 
rest of the proof. Then, consider the map 

^■.I\{0}-^M\{xo} , ^{v) = f(^^^,^{v)^ (3.3) 

where F : S'^'^^i x A ^ M is the smooth map of Thm. 3.4 of [24], with S'^""^ unit 
sphere in C" — T^^M and A unit disc in C. In [24] it is proved that: 

a) for any v G S^''-\ the map : A ^ M, defined by /'"HO = F {v, () is 
proper, holomorphic and injective, with /^^•'(O) = Xg and such that /('')(A\ 
{0}) is a leaf of the Monge- Ampere foliation; 

b) if (p, 9) are the standard polar coordinates of C, the map in (a) is so that 

) - 2 • , for any C e A \ {0} (3.4) 




' dp 



d 



k{v) 



eT^.M ; (3.5) 



c) F{e^^ ■y,0= F{y, e^'^C) for any 9 G 

d) t{F{vX)) = ICP for any v e S^"-\ 



Now, identify the exceptional divisor oiT^^M with the exceptional divisor of M and 
extend \E' to a map ^ : I ^ M hy setting ^|cp>i-i = Id^p^-i. Using definitions, 
Thm. 3.4 and Lemma 2.5 of [24 , it is possible to check that such extended map is 
a diffeomorphism. 

Claim (ii) follows directly from d) and the definition of 5*. To check (iii), notice 
that C''^*' = \I> o (5^*) where is the contraction 

S^'^ ■.dl^t-dl''^'{i[v],z)enyi : \z\^t} , S^*\[v],z) = {[v],tz) . (3.6) 

Since 5^*^ is a CR map, we just need to show that 4" maps the real distribution of 
the CR structure oit-dl onto the real distribution of the CR structure of S**^*-* . For 
this, let us first observe that d) implies ^'*(r) — with To(['i;], z) = jzp. Then, let 

us denote by J the original complex structure of / C Tx^M and by J' the complex 
structure J' — 'i>^^{J): The proof reduces now to check that the CR structures 
induced by J and J' on t ■ dl — { x E I : To{x) = } have the same underlying 
real distribution. But this follows from Lemma 1^751 applied to the pairs (J, To) and 

(J', To). 

— ti) 

Claim (iv) is an immediate consequence of the definition of the map of 
properties (a) and (d) of F and the fact that is holomorphic over the whole 

A, because of boundedness and holomorphicity of ^-^ on A \ {0},. 

To check the last claim, observe that by definition the map F : S*^""^ x A ^ M 
of Thm. 3.4 in [24] extends smoothly to a map F : x A ^ M (see also §4 in 
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[25] ) and, being the maps in a) proper, ^ x 9 A) C dM . From this wc infer 

that ^ extends smoothly up to the boundary with ^'(9/) = dM. Properties (iii) 
and (iv) when t = \ are obtained with the same arguments used for f < 1. □ 

The diffeomorphism 5* : / ^ Af of the previous proposition will be called circular 
representation of M associated with t and it can be considered as the lift at blow 
ups level of the circular representation defined in [25 • When M is a smoothly 
bounded, strictly convex domain in C", ^ coincides with the circular representation 
considered in [S]. 

4. Normal forms for manifolds of circular type 

As in the previous sections, we will systematically insert the tilde " ~ " on top 
of symbols of manifolds, domains or maps, whenever we want to indicate a blow 
up or a lift of a map at such blow up. In particular, i?" is the blow of the unit ball 
at the origin. We will also denote by Jo the standard complex structure of C" and 
of C" and by Tq : C" [0,oo) the standard parabolic exhaustion To{z) — 

4.1. Complex structures of Lempert type and manifolds in normal form. 

Definition 4.1. Let / C C" be a complete circular domain with Minkowski func- 
tion fj, and let TT : / — > / the blow up of / at and fl = n. A complex structure 
J on J is called of Lempert type if 

a) on any hypersurface S{c) = { z £ I : Jj.{z) = c }, < c < 1, the 
distribution V underlying the CR structure induced by J coincides with 
the distribution Vo underlying the CR structure induced by Jo ; 

b) the projection ir : I ^ I induces a complex manifold structure on / \ {0}, 
whose charts are smoothly overlapping with the charts of the standard 
manifold structure of C" \ {0}, i.e. the projected complex structure is given 
by a smooth tensor field J of type (1,1) on / \ {0}; 

c) the restriction of J on any tangent space of a standard radial disc of / 
coincides with the standard complex structure Jo- 
Notice that, from a), b) and c), the function r =^ /i'^ o tt is plurisubharmonic on 
/ and strictly plurisubharmonic on the complement of the exceptional set. By 
Narasimhan's result in [19], if / is endowed with a suitable complex manifold struc- 
ture, this implies that / is a proper modification of /. Such complex structure 
coincides with the one described in b) on /\ {0}, but need not to smoothly overlap 
with the standard complex structure at 0. 

We call such complex structure the projected complex structure of Lempert type 
on I and it will be indicated by the associated tensor field J, even if such tensor is 
a smooth tensor w.r.t. the standard coordinates of only at the points of J\ {0}. 

Two complex structures J and J' of Lempert type are called Lempert isotopic 
(or, shortly, L-isotopic) if there exists a smooth family Jt, t £ [0,1], of complex 
structures of Lempert type on /, such that Jq — J and Ji — J' . 

Theorem 4.2. Any complex structure J on , which is of Lempert type and L- 
isotopic to Jo, projects onto a non-standard complex manifold structure J on _B" 
which makes (i?", J, To) a bounded manifold of circular type. 
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Proof. Since (-B", Jo, To) is a domain of circular type, we only need to prove that 
conditions b) and c) of Definition 12.11 are still true after replacing Jo with J. Let 
Zo and Tio be the tangent and normal distributions of the Monge- Ampere foliation 
of i?" determined by {Jo,To) and Z the vector field defined in (2.10). Recall that, 
by remarks after (2.14) and property (a) of Definition 14. H the distribution Ho is 
J-invariant. Recall also that the operator d'^ , obtained from d'^ by replacement of 
Jo with J, is 

d""' ^ — -J-^odoJ (4.1) 
An 

where for any p-form a, J{a) denotes the p-form defined by (Ja){Xi, . . . , Xp) = 
{—iya{JXi, . . . , JXp) (see e.g. [3], p. 68). From this we get that, for any vector 
field X in Ho, 

dd^'ToiZ, X)^^ {Z{JX{to)) - X{JZ{to)) - J{[X, Z]){to)} = . (4.2) 

Here we used the fact that Ho is preserved by the flow of Z and that, by (b) of 
Definition 14. li JZ{= JoZ) and JX are both tangent to the hypersurfaces { Tq — 
const. }. 

Formulae (2.8) and (4.2) show that it suffices to check only condition b) of 
Definition 12. 1[ because this would automatically imply also c) of that definition. 
Now, dd'^ To\zaxZa = dd'^TolzaxZa > 0, bccause (i3", Jo,To) satisfies b) of Definition 
12.11 and J\z„ = Jo\za- On the other hand, recall that dd'^ ToIwoxWo coincides with 
the Levi form (w.r.t. to J) of the hypersurfaces { Tq = const. }. Since Ho is also the 
real distribution underlying the CR structure induced by Jo and the hypersurfaces 
{ To — const. } are strongly pseudo-convex (they are spheres), Ho is a contact 
distribution over each such hypersurface (see §2.1). This implies that, at any point, 
dd'^ ToIhoxHo is 9- non-degenerate J-Hermitian form. The same claim is true for 
all complex structures Jt of an L-isotopy between J and Jq. A trivial continuity 
argument imphes that dd'^ To\naxna > 0. From this, (4.8) and (2.7), dd'^ To > 
and dd'^ logTo > 0, i.e. b) of Definition 12.11 is true also when Jq is replaced by J. 
□ 

Definition 4.3. We call manifold of circular type in normal form any bounded 
manifold of circular type of the form (-B", J, Tq), where Tq is the standard exhaustive 
function Tq = | • P and J is a complex structure of Lempert type that is L-isotopic 
to Jo- 

Let (Af, J, r) be a bounded manifold of circular type. We call normalizing map 
for M relative to r and its center Xo any (J, J')-biholomorphism $ : M — ^- _B" 
between the blow up (M, J) at Xo and the blow up (i?", J') at of a manifold in 
normal form (i3", J' ,To), so that: 

a) <I> induces a diffeomorphism between the exceptional divisors; 

b) r = To ° where r and To are the lifts of r and To at the blow ups. 

4.2. Existence and uniqueness of normalizing maps. 

Theorem 4.4. Let (M, J, r) he a bounded manifold of circular type, with Xo center 
of M associated with r and blow up n : M M at Xo- Then, there exists at least 
one normalizing map $ : (M,J) (B,J') relative to t and Xo- Moreover, any 
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two normalizing maps $ and $, both relative to r and Xo, are equal if and only if 
($' o <i>~^) 1,^-1(2;^) = Id and ($' o $^^)» induces the identity map on the tangent 
spaces of the leaves of the Monge- Ampere foliation at the points of Tr~^{xo)- 

If {M, J, r) is a domain of circular type and r extends up to the boundary, then 
there exists a normalizing map which extends smoothly up to the boundary. 

Proof. Fix a complex basis (eg, . . . , e„_i) for T^^M and consider the unique 
isomorphism of complex vector spaces z : T^^M C" which maps each vector 
ei into the corresponding vector of the standard basis e° — i{ei) of C". In what 
follows, we constantly identify T^^M with C" by means of such isomorphism. In 
particular, use such isomorphism in order to identify the indicatrix / C T^^M 
associated with r with the corresponding circular domain I C C" with Minkowski 
function k. 

Let 5* : / C C" ^ M be the circular representation associated with r and 
consider the complex structure Jm — ^Z^^J) ^- Keep in mind that, by (i) 
of Proposition 13.11 and definition of Jjv/, the blow up at the origin of (/, Jm) is 
precisely the blow up at the origin of (/, Jo) and that Jm|cp" — Jo\cp'^- Moreover, 
by construction of 5" (see formula (3.3)) and property d) in the proof of Proposition 
13. H it follows immediately that r o = and hence that (/, Jm, k^) is a bounded 
manifold of circular type. Moreover, using the proof of (iii) in Proposition 13.11 and 
by (iv) of the same proposition, it is quite direct to check that Jm satisfies all three 
conditions for being a complex structure of Lempert type on /. We claim that Jm 
is also L-isotopic to Jo- For this, it suffices to consider the diffeomorphisms 

: 7-^ M<t = { T < } , *(*)(H,2) = ^'(H,iz) , 0<i<l 

and the complex structures J*^*^ = 5'!*'' ^(J) on /. The same arguments of before 
show that each complex structure J^*^ is of Lempert type. If we set J^'') = Jo and 
j(^^ — J Ml using explicit coordinate expressions for the maps 4" and ^^^'^ it can be 
checked that J^*\ t S [0, 1], is a smooth family of complex structures even at t = 
and t —\, proving that Jm is L-isotopic to Jo. 

From these remarks, the proof can be done assuming that M is a smoothly 
bounded, strongly pseudoconvex circular domain / C C", the parabolic exhaustive 
function r is equal to the r = /i^ where ix is the Minkowski function of /, and J is a 
complex structure of Lempert type on M = /, which is L-isotopic to the standard 
one and so that the blow up of (/, J) at the origin coincides with the blow up of 
(J, Jo) and with J|cP" = Jo|cp" ■ 

Now, notice that if we replace J by Jo, then (/, Jo,/i^) remains a manifold of 
circular type. We claim that if $ : {I, Jo) {B"^,J') is a normalizing map for 
(/, JoifJ.^) relative to /i^ and center Xo — 0, then it is also a normalizing map also 
for (/, J,fM^). In fact, it is enough to consider the complex structure J" = $*(Jo) 
on and observe that: 

1) is (J, J")-biholomorphic map by construction; 

2) To o <I> = o TT because $ is a normalizing map for (J, Jo, /i^); 

3) J" is of Lempert type because J is of Lempert type on /; 

4) J" is L-isotopic to J' (because J is L-isotopic to Jo) and J' is L-isotopic to 
Jo; from this it follows that J" is L-isotopic to Jq. 

So, if we show the existence of a normalizing map for any smoothly bounded, 
strongly pseudoconvex circular domain / C C", relative to t = fi^ and Xo = 0, we 
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automatically prove the existence of normalizing maps for any other manifold of 
circular type. 

This is done using the lemma that follows. In order to state it, we have to fix some 
notation. As usual, the blow-up of C" at the origin is identified with the tautological 
line bundle tt : C" = — > CP""i and we set ^ E\ {zero section} = C" \ {0}. 
We remark that E^, is a holomorphic principal C*-bundle over CP"^^. 

Let now /x : C" M>o be the Minkowski function of a smoothly bounded, 
complete circular domain Z) C C" and let Ji — jj, o tt : E^, ^ R>q- It is quite 
direct to realize that fi^ is the quadratic form of an Hermitian metric /i*-^) on 
TT : E ^ CP"~^ and that the distribution Ti, defined by 

Hu^ive TuE* : djluiv) = dJluiJov) = } , (4.3) 

is a connection on the principal C*-bundle E^. The associated curvature 2-form 
w^''^ is a C*-invariant, horizontal 2-form on E^, and projects down onto a closed, 
2-form cjf'^' on CP"^^. A direct computation shows that, for any two Minkowski 
functions /i, fi' , the associated 2-forms cj^'^' and w*^^ ^ are cohomologous (see e.g. 
[26J, Thm. 3.3). 

From the definition, it is clear that, for any hypersurface S{c) — { fi — cost. }, 
the restriction Ti.\s{c} coincides with the real distribution underlying the CR struc- 
ture of S{c). When D is strongly pseudo-convex, the function r = /i^ is a parabolic 
exhaustive function for D and hence Ti.\D coincides with the normal distribution of 
the Monge- Ampere foliation of D determined by t. Moreover, being each hypersur- 
face S{c) strongly pseudo-convex, it is simple to check that the associated 2-form 
Lu^'^'f is a Kahler form. 

In the following, fio is the Minkowski function of -B", i.e. /io = | ■ |, Mo = Mo ° 
and Ho is the corresponding connection on i?* as defined in (4.3). 

Lemma 4.5. Let D C C" be a smoothly bounded, strongly pseudoconvex circular 
domain with Minkowski function /i- Set Jl — ^ o tt and let Ti. be the corresponding 
connection on E^. defined in (4-3) ■ Then, there exists a diffeomorphism (p : C" — > 
C" with the following properties: 

i) it is a fiber preserving map for the bundle tt : C" = E — > CP""^^ which is 
holomorphic on any fiber; 

ii) Jlo^Jlo 0; 

iii) M'^io)=n. 

Moreover, if , < t < 1} is a smooth 1 -parameter family of Minkowski 

functions of smoothly bounded, strongly pseudoconvex circular domains, then it is 
possible to choose a family of diffeomorphisms : C" — > C", satisfying i) - iii) 
for fi ~ which depends smoothly on t. 

Proof. Let lUo and lo be the Kahler forms on CP" determined by the curvatures on 
i?* of the connections Tio and 7i, respectively. Since ujo and lu are cohomologous, 
by Moser's theorem there exists a diffeomorphism ijj : CP"~^ CP"~^ such 
that 

i>*uj = Uo . (4.4) 

Indeed, by the proof of Moser's theorem, there exists a smooth 1-parameter family 
of diffeomorphisms ipt, t G [0,1], such that ipo = Idcp^-^, ipi — ip. Such family 
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of difFeomorphism is obtained by integrating a family of vector fields Xt — ipt 
satisfying a particular system of differential equations. Consider the vector fields 
Xt on E^, ~ C" \ {0}, which are horizontal w.r.t. Ho and project onto the vector 
fields Xf. Since any space of the distribution Hg is tangent to some spheres in 
-B* = C" \ {0}, it is possible to integrate such vector fields and obtain another 

1-parameter family of diffeomorphisms 'ipt : Et, ^ Et, so that Xt = '4't- We then 
define 



iJt-.E^E, iPt{[v],z) 



which can be easily checked to be a family of diffeomorphisms and we set V =^ V'l • 
By construction, tp : E ^ E commutes with the action of C on and restricts to 
V' on CP"-^ Consider now a diffeomorphism (j) : E ^ E of the form 

<^(M,.)^='-LH),e-(M)4iM') (4.5) 

where we denote by A : CP"~^ ^ K a smooth function to be fixed later. It is clear 
that a map of the form (4.5) satisfies (i). But it satisfies also (ii), since 

M(^(M,.))=/xfe^^(H)M:^'j , 

and we claim that there exists a A so that it satisfies also (iii). To check this, 
observe that, since (^\e, commutes with the action of C*, it maps the connection 
?io into a connection H! on E^ whose curvature 2-forms projects down on CP"~^ 
onto the C- valued 2-form 

J = ip*u)o = UJ ■ (4.6) 

Moreover, by (ii), all spaces of Ti.' are tangent to the hypersurfaces { /x = cost. }. 

By standard arguments of theory of connections, we obtain that, for any u & E^ 
there exists a linear map 

z/„ : T^(„)CP"-i R (4.7) 
so that any space H'^^ is of the form 



(4.8) 



(here we denoted by ( the standard coordinate of C and by ^ the vertical holomor- 
phic vector field on E induced by the holomorphic action of C on E). Equivalently, 
we may say that if vj : TE^, C* is the connection form for H, then the connection 
form Tu' of H' is 

zu' = zu -iu . (4.9) 

By the invariance of H' and H under the C*-action, the linear map f„ depends 

only on the point x = tt{u) G CP"'~^ and we may consider v as a 1-form on CP". 
Computing the curvature, we get from (4.9) and (4.6) that 

diy = i{uj' -u) = . (4.10) 

Since if^(CP"~-^) = 0, there exists a smooth function A : C" ^ R such that 
V = dX. Now, let us replace the function A in (4.5) with the function A — A o 'tjj~'^. 
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By construction, in (4.8) the function Vu has to be replaced by the function Vu = 
Vu — d\ — Q and the new map (j) satisfies (iii). 

It remains to prove the final part of the statement. First of all, notice that by the 
first part of the proof, the function A : CP"~^ R is uniquely determined (up to 
a constant) by the diffeomorphism -0 : CP"~^ — > CP"~^ which satisfies (4.4). By 
choosing some suitable normalization condition for A, we may assume that the map 
(p is uniquely determined hy ip. If /x*-*^ is a smooth family of Minkowski functions 
of strongly pseudoconvex, complete circular domains, then also the corresponding 
Kahler forms w*^*^ are smoothly depending on t (it suffices to see the explicit expres- 
sion of w^*^ in term of /i^*^ - see e.g. [26], p. 27). Now, the proof of Moser's theorem 
in [18] shows that there exists a smooth family of diffeomorphisms t & 
each of them satisfying ?/)(*)*a;*^*-' = lOo- This automatically implies the existence of 
a smooth family 0^*^ satisfying (i) - (iii) for any t. □ 

We may now conclude the proof of the theorem. Given a smoothly bounded, 
strongly pseudoconvex circular domain / C C" with Minkowski function /i, let 
$ = 4>~^\j '■ I —> -B", where is diffeomorphism of the previous lemma, and 
let J' = $*(Jo)- From (i) - (iii) of the lemma, it follows immediately that J is 
of Lempert type and that r = Tq o $ with r = /i^. Moreover, we may consider 
the smooth 1-parameter family of Minkowski functions /i'*^ = (1 — t)/i + t^o with 
t £ [0, 1], a corresponding family of diffeomorphisms — 4>i^ with (pt associated 
by the lemma with /z^*^ and smoothly depending on t, and the 1-parameter family 

of complex functions Jt '= ^t*iJo)- By construction, Jt is an L-isotopy between 
J' and Jo and we may conclude that $ is a normalizing map for {I,Jo,t = fj?), as 
needed. 

Assume now that $, $ : M ^ are two normalizing maps so that ($'~^ o 
<i?)|^-i = Id^,-! or, equivalently, that ($' o $-i)|j.p„_i = /djcp^-i. Now, $ and 
$' map the leaves of the Monge- Ampere foliation of (Af, J, r) into the leaves of 
the Monge-Ampere foliation of {B'^ ,<^^{ J),To) and of (B", $'^( J), Tq), which are 
in both cases the images of the standard radial discs. This means that $' o <^~^ 
maps biholomorphically any standard radial disc into itself, since (<&' o $^^)|cP" = 
/c?|cpn-i . If in addition ($'~'^ o $)^ induces the identity map on any tangent space 
of a leaf of the Monge-Ampere foliation at the points of 7r~ ^ {xo ) , we get that $' o $ ~ ^ 
maps any radial disc into itself by a biholomorphism which fixes the origin and with 
derivative equal to 1 at 0. By Schwarz lemma, $' o = Id on any radial disc 
and hence on the whole i?". 

It remains to check the smooth extendibility up the boundary of <I> if r is 
smoothly extendible. But this is a consequence of the fact that $ is obtained 
by composing the inverse of the circular representation (which is smoothly ex- 
tendible to the boundary because of Proposition 13. ip and the diffeomorphism be- 
tween / C Tx^M — C" and i?", which is given in Lemma [4751 and which is trivially 
smooth up to the boundary. □ 



We remark that one can prove a stronger statement about the uniqueness of 
normalizing maps. We will come back on this topic in §6. 
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5. Bland and Duchamp's invariants 

In this section, we consider only manifolds of circular type in normal form, i.e. 
of the form (-B", J, Tq) with Tq = | • p and J complex structure on _B" of Lempcrt 
type and L-isotopic to the standard one. The distribution in which is normal 
to the standard Monge-Ampere foliation, will be denoted Ti. We recall that, for 
any sphere S{c) = { Tq = }, the restriction W^s^c) is the distribution underlying 
the standard CR structure of S{c) and that, for any x € B", 

where Z is the distribution tangent to the standard radial disc. We also denote 
by Z the vector field defined in (2.10): in the standard coordinates of C", the 
corresponding holomorphic and anti-holomorphic parts of Z are 

Z'.» = l(Z-a.Z) = (5.1) 

Recall also that any complex structure J of Lempert type is uniquely determined 
by its action on the vector fields on 7i, since the action on the vector fields in Z is 

the same of the standard complex structure Jo- 

Let H^'^ and iJ*^'^ = H^'^ be the Jo-holoinorphic and Jo-anti-liolomorphic sub- 
bundles of TiF . For any other complex structure J of Lempert type, we denote the 
corresponding J-holomorphic and J-antiholomorphic subbundles of TiF by ifj ° 

and H^j^ = i/^'". 

Definition 5.1. Let J be a complex structure on of Lempert type. We call 

deformation tensor associated with J any smooth section 

0:5"^ U Hom(if°>\i?i'°) = ifO>i*®iJi'0 
xeB" 

so that H^'^ can be expressed as 

H°'^\^ = {w + (j)xiw) , w e } for any a; e . (5.2) 

Notice that, a priori, not any complex structure of Lempert type has an associ- 
ated deformation tensor. However if J has an associated deformation tensor, then 
any sufficiently small deformation J' of J, which is also of Lempert type, has an as- 
sociated deformation tensor. Indeed, we will shortly see that any complex structure 
J of Lempert type and L-isotopic to Jo admits an associated deformation tensor. 

We now want to exhibit some differential equations which characterize the de- 
formation tensors. In order to do this, we first need to recall the definition of two 
important operators on the tensor fields in ijO-i* (g) if^'O. 

We recall that C C" is a holomorphic bundle tt : S" ^ CP"-\ with 
fibers given by the radial discs (if endowed with the standard complex structure). 
Since ?i is a connection in such a bundle, the holomorphic and anti-holomorphic 
distributions are generated by vector fields X^''^ E H^-^ and F^'^ € 7i^'^ that can be 
locally chosen so that tt, ([X^'", r^'i]) [7r,(Xi'0),7r^(rO'i)] = 0. Let us caU such 
vector fields holomorphic and anti-holomorphic vector fields of the distribution TiF, 
respectively. It can be easily checked that if ^ is a deformation tensor associated 
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with a complex structure of Lempert type, then for any two anti-holomorphic vector 
fields X, y e ifO'i 

[X,(t>{Y)]eH^'" + Z^ . (5.3) 

Hence, if we denote by (Owe the projection onto the distribution H"', we surely 
have that [X, (^(y)]-^c S H^'° for any pair of anti-holomorphic vector fields. Now, 
consider the following two operators (see [13]): 

dba{X, Y) [X, a{Y)]nc - [Y, a{X)]nc - a{[X, Y]) , (5.4) 

and 

[a,/3](X,y) -^^i^i ([a(X),/3(y)] - [a{Y), I3{X)]) (5.5) 
for any pair of anti-holomorphic vector fields X, Y in H'^'^ . 

Proposition 5.2. Let J be a complex structure on of Lempert type that admits 
an associated deformation tensor (j). Then: 

i) dd''To{(j){X),Y) + dd^riX, (t>{Y)) = for anti-holomorphic X,Y e H°'\- 

ii) 9^0 -Hi [0,0] =0; 

iii) £20,1(0) =0. 

Conversely, any tensor field ip G ^ H^''^ that satisfies (i) - (iii) is the defor- 

mation tensor of a complex structure of Lempert type. 

In addition, a complex structure J of Lempert type, associated with a deformation 
tensor (j), is so that (i?", J, Tq) is a manifold of circular type if and only if 

iv) dd^ro(0(X),0(X)) < dd^ToiX, X) for any ^ X e H°'^ . 

Proof. First of all, recall that by the Jo-invariance of the 2-form dd'^To, for any 
two vector fields in 77°'^ ® 2°^'^ or in ® Z^'", 

dd^ToiW, W) = dd^ToiJoW, JoW) = -dd^ToiW, W')=0 . 

So, from the proof of Theorem 14.21 the reader can check that a complex structure 
J of Lempert type is so that (i?", J, Tq) is a manifold of circular type, if and only 
if for any =^ X e H^''^ 

dd^ToiX + (f){X), X + 0(X)) = dd^ToiX, X) -f dd^Toi^HX), 4>{X)) > . 

This proves (iv). For checking the necessity and sufficiency of (i) - (iii), we only 
need to show that those properties are necessary and sufficient condition for the 
integrability of the unique almost complex structure J, which coincides with Jo on 
the radial discs, leaves the distribution Ti. invariant and have an associated anti- 
holomorphic distribution H^f^ which is as in (5.2). Such almost complex structure 
J is integrable if and only if for any anti-holomorphic vector fields X,Y G H'^'^ one 
has 

[X + 0(x), r 0(r)] e z^-^ + n'j ' , x + 0(x)] e + . (5.6) 

But conditions (5.6) are satisfied if and only if 

[x + 0(x),y + 0(r)]„c = [x,r] + 0([x,y]) ^ 40(x,r) + i[0,0](x,y) = o , 

(5.7) 

[X (i){x),Y + 0(r)]2c = ^ dd'Toix + 0(x), y + 0(y)) = o , (5.8) 
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[Z°-\X + ^{X)] = [Z°-\X]+^{[Z''^\X]) ^ Czo.i^{X)^0 (5.9) 
for any anti-holomorphic X, Y ^ i.e. if and only if (i) - (iii) are true. □ 

Let J be a complex structure of Lempert type and Jt, t £ [0,1], an L-isotopy 
between J and Jo- By the previous remark, the set of t's, for which Jt has an 
associated deformation tensor is open, while (iv) of the previous lemma implies 
that it is also closed. From this, we conclude that also J — Ji has a deformation 
tensor and hence that there is a natural injective map between the class of manifolds 
in normal form (-B", J, To) and the class of tensor fields (j) G H^^^* (g) H^^'-^ on B" 
which satisfy (i) - (iv) of Proposition . 

The correspondence between normal forms and deformation tensors satisfying 
(i) - (iv) is a priori only injective, not surjective. However, for any deformation 
tensor satisfying (i) - (iv), the associated complex structure J defines a manifold 
of circular type and hence there exists some normalizing map $ : _B" _B" for 
which J — <i>*(J) is in normal form and whose associated deformation tensor is 
(p = $*(0). In other words, we may say that any deformation tensor satisfying (i) 
- (iv) is, up to a diffeomorphism, the deformation tensor of some normal form. 

Proposition 15.21 (iii) has also the following consequence. Consider n — 1 holo- 
morphic vector fields (ei, . . . , e„_i), defined on some open subset of CP"~^ C 
and linearly independent at all points where they are defined. Extend them 
to i?" as Z and JZ invariant vector fields on taking values in H^-^ . Let also 
(e^, . . . , e"~^, Z^'"*) the holomorphic field of (l,0)-forms, which is dual to the 
frame field (ei, . . . , e„-i, Z^-"). Then any tensor field e (g) H^^° is of the 

form (j) — YlZ~b=i 't'b^^ ® ^o- ^"^^ satisfies Proposition 15.21 (iii) if and only if the re- 
strictions of the functions (/)^ on the radial discs are holomorphic. In particular, 
using a system of coordinates (w^, . . . ,w"'~"'^,C) for i?" as in (2.5), we have that ((> 
satisfies (iii) if and only if it is of the form 

oo n— 1 

where ^'hj ~ ^ ■ ■ ■ ' "f^""^) £^re the coefficients of the series expansion in powers 

of C of the functions 0JJ(w^, . . . ,u"~^,C)- It can be checked that the deformation 

tensors 0'^'^-' =^ '/'feC'^ ^ H'^-^* ®H^''^ are independent on the choice of the coordinates 
and of the frame field (ei, . . . , e„_i). Moreover, (/> satisfies (i) and (iii) of Proposition 
15.21 if and only each tensor field 0^*^ satisfies (i) and that the following equations: 

40^''' + ['^^'^ '^^^^l =0 for any < fc < cx) . (5.10) 

Summarizing, we have the following theorem, which can be considered as an exten- 
sion to arbitrary manifolds of circular type some of the main results in [5l |7j (see 
next remark). 

Theorem 5.3. Let D he a manifold of circular type in normal form, i.e. D = 
{B^^,J,To), with J complex structure of Lempert type and L-isotopic to Jo- Then 
J is uniquely determined by an associated sequence of deformation tensors 0*-'^-' G 
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H^-^* H^''^ , < k < oo, which satisfy (5.10) and (i) of Proposition [57B for any 
k, and with the series cj) = (j)^''^ uniformly converging on compacta. 

In [51 U , Bland and Duchanip considered small deformations of the standard 
CR structure of the S"^"^^ and proved that, for n > 1, any such CR structure is 
embeddable in C"~^ as boundary of a domain which is biholomorphic to a domain 
in normal form (-B", J, Tq). In particular, they associated with any small deforma- 
tion of the CR structure of a sequence of tensors, which correspond to the 
restrictions to S^"~^ of the tensors 0*^'^' appearing in Theorem lS.sR . It is therefore 
natural to name such sequence of deformation tensors cf)^''^ the Bland and Duchamp 
invariants of (i?", J,To). 

We conclude with the following concept, which will turn out to be quite useful 
in the applications of the next section. 

Definition 5.4. Let {D, J, t) be a domain of circular type. We say that D is stable 
if it admits a parabolic exhaustive function r, whose associated circular represen- 
tation . I D extends smoothly up to the boundary inducing a diffeoniorphism 
between dl and dD. 

Unless differently stated, for any given stable domain D, we will call parabolic 
exhaustive functions of D only those, whose associated circular representation sat- 
isfies the above condition. 

We also recall that, by Lempert's and the first author's result (see e.g. [I4l I23j ). 
the class of stable domains of circular type naturally includes the smoothly bounded, 
strictly convex domains of C" and the smoothly bounded, strongly pseudoconvex 
circular domains. Indeed, by Thm. 4.4 in !24l, the complete circular domains may 
be characterized as the unique (stable) domains of circular type domains whose 
Monge- Ampere foliation is holomorphic. 

Moreover, the "stability" property is invariant under biholomorphisms between 
domains of circular type. In fact: 

Lemma 5.5. Let {D, J, r) and {D, J, f) be two biholomorphic domains of circular 
type. Then D is stable if and only if D is stable. Furthermore they have a normal 
form (B", J, To), with a complex structure J which is smoothly extendible up to the 
boundary and makes i?" a stable domain of circular type. 

Proof. The first claim follows from the fact that any biholomorphism f : D ^ D 
between stable domains extends smoothly up to the boundary. This property can 
be checked using the local regularity results of Berteloot (j4]. Prop. 3), which 
imply that any such / admits an Holder continuous extension up the boundary. 
In fact, from Holder boundary regularity, the standard arguments of Lempert's 
proof of Fefferman theorem (see [14j[30]) imply that / extends smoothly up to the 
boundary. 

The last claim is a consequence of the proof of Theorem 14.41 In fact, if D is sta- 
ble, we may construct a normalizing map which is smooth up to the boundary and 
induces a diffeomorphism between dD and S^"~^ = dB"^. In particular, the com- 
plex structure of D, which extends up to dD, is mapped onto a complex structure 
on , which extends smoothly up to dB" (and hence also to a small neighborhood 



'Be aware that our deformation tensor is minus the deformation tensor considered in [5] [7] • 
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of -B"). This implies that the associated normal form (-B", J, Tq) is a stable domain 
of circular type since the circular representation of {B",J,To) coincides with the 
one of (B'^.Jo.To). □ 

From the previous lemma, it is clear that the normal forms of stable domains 
of circular type are associated with sequences of Bland and Duchamp's invariants 
{(/-C^)} which converge uniformly on the closure i?". 



6. Miscellaneous results 

6.1. The geometrical meaning of the Bland and Duchamp invariant t/)'^"^. 

Let {B"-,J,To) be a manifold in normal form, (^('^^ the associated Bland and 
Duchamp invariants, / C ToB" ~ C" the indicatrix at and 5* : / ^ _B" the 
circular representation. The identification Tq^" — C" is done so that we may 
assume J\toB" — Jo- The following proposition collects a few properties which give 
a clear indication of the information carried by the Bland and Duchamp invariant 

Proposition 6.1. 

a) The pull-backed complex structure J' = ^*{J) on I is of Lempert type. 

b) The tensor field (j) — (/)*-0) = X]fe>i 4'^'^^ '■s identically vanishing if and only if 
the circular representation is a biholomorphism between I and (B" , J,To), 
i.e. if and only if {B"' , J) is biholomorphic to a circular domain. 

c) The invariant (^(^^ is always the deformation tensor of a manifold in normal 
form {B'^,J^°\to), more precisely, of a normal form of the indicatrix /. 

Proof, a) is a direct consequence of definitions and Proposition 13. II For b), we 
remark that — for all fc > 1 if and only if the projection tt : CP"^^ 
is a J-holomorphic, i.e. if and only if the Monge- Ampere foliation of (i?", J, To) is 
holomorphic. Then (b) follows from [21], Prop. 3.4. 

For c), notice that </)(") satisfies (i) - (iv) of Proposition 15.21 and defines a 
complex structure which is L-isotopic to Jq, because (j) does it. So, by the re- 
marks after Proposition 15.21 the first claim follows immediately. Now, consider 
the circular representation : / ^ i?". It is straightforward to realize that 
j(o)|cpn = ^'*(^o|cP") and hence, by invariance along the leaves of the Monge- 
Ampere foliations, J^^^ = 5', (Jo) on /. This implies that the corresponding pro- 
jected structures on / and on are biholomorphic. □ 



6.2. The parameterization of normalizing maps and the automorphism 
group of a manifold of circular type. 
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6.2.1. Special frames of a manifold of circular type. 

Definition 6.2. Let r be a parabolic exhaustion function for M and Xo and I^^ C 
Tx^M ~ C" the corresponding center and indicatrix. We caU special frame at Xo 
associated with t a complex basis (eo, ei, . . . , e„_i) for T^^M defined as follows: 

i) Co G dlx„ (i.e. K(eo) = 1, where k is the Minkowski function of Ix^)', 

ii) (ei, . . . ,e„_i) is a unitary basis w.r.t. dd'^n^ for the holomorphic tangent 
space Vlf C Te„dlx, of the CR structure of dix, C TxJI ~ C". 

Recall that if D is a domain of circular type, for any center Xg there is a unique 
parabolic exhaustion function t : D [0, 1), smoothly extendible at the boundary, 
for which the center is exactly Xo (see Lemma [2. 2p . For this reason, for any such 
domain the following set is well defined 

P ~ Px^ , where Px^ ~ { special frames at Xo } ■ 

Xo'is a center 

We will call it the pseudo-bundle of special frames of D. We will also denote by 
n : P ^ D the map which associates to any special frame the base point and 
€{D) ~ 7r(P) C D will denote the set of centers of D. 

It should be observed that, relatively to the biholomorphisms that are smooth 
up to the boundary (in case of stable domains, any biholomorphism is in such a 
class), the pseudo-bundle P is a biholomorphic invariant of D. In case €{D) is 
discrete, the pseudo-bundle P is a bundle over such a set. Any fiber Px^ — 7t^^{xo) 
has a structure of U„_i-principal bundle with basis equal to the boundary of the 
indicatrix dlx^ ■ In case I? is a smoothly bounded, strictly convex domain in C" 
(and hence D — €{D)), P is a bundle over D. More precisely, it coincides with 
unitary frame bundle of the complex Finsler metric given by the Kobayashi metric 

of Dm)- 

Notice also that, via Gram-Schmidt ortonormalization, any special frame of a 
manifold in normal form is uniquely associated with a basis which is unitary w.r.t. 
the standard Poincare-Bergman metric of the unit ball P" C C" . Using such cor- 
respondence, it is possible to embed the pseudo-bundle P into the bundle U„(P") 
of the unitary frames of P". Since Aut(P„, Jo) acts transitively and freely on 
U„(P"), U„(P") can be identified with Aut(P„, Jo) and the previous immersion 
P ^ U„(P") can be considered as an immersion P ^ Aut(P„, Jo). In case 
€{D) = D, such immersion is actually a diffcomorphism (see e.g. [271 128j). 

6.2.2. Parameterization of normalizing maps by means of special frames. 

Consider a manifold of circular type (M, J, r) of dimension n and denote by 
Af{M) the class of all normalizing maps $ : M ^ P" between a blow up of M at a 
center Xq and the blow up of P" at the origin. A priori, M{M) is a very large class 
of maps: In fact, for any $ e J\f{M), if tp : P" — ^ P" is a diffeomorphism, which 
is a fiber bundle automorphism of tt : P" CP"~^ and preserves the complex 
structure on the fibers, the composition t/i o $ is still in M{M). This means that, 

for any given r and Xo, the class J\f{M) contains a family of maps of cardinality 
larger or equal to the cardinality of Pij(f(CP"^^). 
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On the other hand, any normahzing map $ : Af ^ induces a complex 
structure on i?", which in turn projects down onto a complex manifold structure 
on B" (sec Dcfinition l4.ip . In general, the charts of two distinct complex manifold 
structures on _B" of this kind do not smoothly overlap, i.e. belong to two distinct 
real manifolds structures, even if they are surely diffeomorphic and they coincide 
with the standard manifold structure of C" when restricted to B" \ {0} . 

For this reason, in the following, given a manifold M of circular type, we 
fix once and for all one of such real manifold structures and we will denote by 
N{M) C Af{M) the class of normalizing maps which induce on i?" that real man- 
ifold structure. In other words, a normalizing map $ : M ^ B" belongs to N{M) 
if and only if the corresponding projected map (j) : M —f B" is a diffeomorphism 
w.r.t. to the real manifold structure of M and the fixed manifold structure on B". 
Finally, for any parabolic exhaustive function r on M and corresponding center Xo, 
we denote by N{M,t,Xo) the subclass of Af{M) consisting of normahzing maps 
which are associated with r and Xo- 

Lemma 6.3. Let $,<!>' e N{M,t,Xo) and denote by (jy^cj)' : M _B" the corre- 
sponding projected maps. Then ^ — ^' if and only if {(f)' o = Id. 

Proof. The necessity is immediate. For the sufficiency, notice that, from defi- 
nitions, the hypothesis implies that the lifted maps <&, $' : M — > are so that 
o is the identity when restricted to the exceptional divisor tt"^ (0) = CP"~^ 
and (4>'o$~i)^ induces the identity map on each tangent space of a standard 
radial disc at the intersection with CP"~^ — 7r~^(0). So, Idj^„ and $' o 
are normalizing maps for i?" that satisfy the hypothesis of Theorem 14.41 Hence 

$'o $-1 = idg„.a 

With the help of the previous lemma, we can prove the following. 

Proposition 6.4. Fix a normalizing map <I>o € J\f{M,T,Xo) and a .special frame 
(cq, ej, . . . , e°_]^) at Xg £ M, associated with t. Also, for any $ g Af{M,T,Xo) 
denote by (p : M B" the corresponding projected map and let (ef) be the frame 
at Tx^M defined by ef — {(j>^^ o (/'o)^ (e°). 

Then the frames of the form (ef ) are special frames, relatively to Xq and t, and 

the correspondence $ s- (ef) is a one to one map between Af{M, t, Xq) and the 

class of special frames at Xq . 

Proof. By definition of normalizing maps, the map / — (f>o(j)~^ is a biholomorphism 
of {M,J) into itself, fixing Xq and so that r o / = r. This implies that /*|t^ m 
maps the class of special frames at Xo into itself. Moreover, if <I> and <!>' are so 
that (ef) = (ef ), it follows from definitions that [cf)' o 0"-*^)^!^ = Id and hence 
that $ = by the previous lemma. It remains to show that the correspondence 
<i> — > (ef ) is surjective. 

Let J^°^ be the complex structure on i?" obtained by pushing forward the com- 
plex structure of M and denote by (/°) and {fi) the special frames of {B"-,To, J^°^) 
obtained as images of (e°) and of another special frame (e.^), respectively. Let also 
([/°]) and ([/i]) the corresponding points in CP"~^ C B". Observe that the re- 
striction J*-"' |j,p„_i coincides with the complex structure J^"''') on B" defined by 
the Bland and Duchamp invariant ^^^^ (see ij6.ip and it is diffeomorphic to the 
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standard complex structure of CP"^^ (to see this, simply use the biholomorphism 
between (B", J^"-'^^) and the blow up / of its indicatrix - see Proposition 16. ip . 
Hence Aut(CP"-\ is isomorphic to Aut(CP""i) = PGL„(C) and there ex- 
ists a unique j'^°)-biholomorphism ^ : CP"~^ CP""""^ mapping [fi] into [f°] for 
any < i < n — 1 . Let us extend such a map to a diffeomorphisms ^' : P" — > P" 
in such a way that ( ■ '^{w) = '^{(w) for any C G We stress the fact that even if 
^Icpn-i is by construction a biholomorphism of (CP"~^, J^°^|cp"-i), ^' is not in 
general a biholomorphism of (P", j'"-*). 

Now, observe that ^' : P" ^ P" is a normalizing map which maps the [/i]'s 
into the [/°]'s. Assume for the moment that 5" projects onto a map tp : P" P" 
which preserves the real manifold structure of P". Then, ip^ifj) — e'^^/° for some 
suitable complex numbers e'^^ and, by a suitable adjustment of the definition of 
^f, we may always assume that e'^^ = 1 for any < j < n — 1. From this and its 
construction, it follows that <i> = o $o is a normalizing map in JV{M,t,Xo) so 
that (ef ) — (ci). This implies the surjectivity of the map $ — > (ef )• 

So, in order to conclude, we only need to show that ^ projects onto a map 
ip : P" P" which preserves the real manifold structure of P" . This is equivalent 
to check that there is a chart on P" on a neighborhood of the origin, which belongs 
to the real manifold structure of (P", J^°-*) and in which i/; is smooth. This fact 
can be done using the circular representation. In fact, we may use it in order to 
identify the differentiable manifolds (P", J^"-*) and (P", J*^°^) with the indicatrix 
/ and its blow up / C C", respectively, both endowed with a suitable complex 
structure, say J^°\ Since the circular representation is a diffeomorphism between 
a domain in C" and the manifold of circular type, we have that the real manifold 
structure on / determined by projection from the manifold structure of / is the 
same of the standard manifold structure of /, considered as open subset of C". 
Writing the explicit expression as a map 5" : / ^ / it can be checked directly 
that the projected map ip : I I is smooth in any system of standard coordinates 
ofC". □ 

The main result of the section can be now immediately inferred. 

Theorem 6.5. Let (P, J, r) be a stable domain of circular type andJ\f{D) the class 
of all normalizing maps, which induce on P" the same real manifold structure. Fix 
also a frame (e°) C T^D belonging to the pseudo-bundle of special frames ir : P ^ D 
and a normalizing map $o G A/'(P). Then, the correspondence $ — > (ef) of the 
previous proposition gives a continuous one to one map between N{M) and the 
pseudo-bundle of special frames P. 

We remark that if P is identified with a subset of U„(P") ~ Aut(P"), the 
previous result can be stated saying that: M{D) is parameterized by a special 
subset of Aut(P"). In particular, we have that if the set of centers C(P) is a 
singleton, then A/'(P) is parameterized by U„ = Aut(P")o, while if £(P) — D, 
M{D) is parameterized by Aut(P"). It is interesting to observe the analogy (and 
the difference) between this class of normalizing maps and the class of Chern-Moser 
normalizing maps for Levi non-degenerate hypersurfaces of C". 
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6.2.3. The automorphism group of a manifold of circular type. 

Let AI be a circular domain of circular type. By means of a normalizing map, 
there is no loss of generality if we assume that AI is {B",J,To), where J is a 
complex structure of Lempert type, L-isotopic to the standard one. In this case, 
any automorphism $ e Aut(M) = Aut(_B", J) is also a normalizing map and, if 
we set $o = /ds", Theorem 16 . 5 1 implies that the action of G = Aut(Af) on special 
frames determines a one to one map between G and the points of any orbits G- {e°). 
In particular, if AI is a stable domain of circular type and G is a Lie group, then G 
is diffeomorphic to any of its orbits G • u in the pseudo-bundle P. In such a case, 
if £(M) C M is contained in a real submanifold of dimension a (< 2n = dimu AI), 
we get that 

dim G < a + < 2n + . 

By the classical results of H. Cartan (see e.g. [1]), the property that G is a Lie 
group is granted whenever AI is biholomorphic to a bounded complex domain in 
C". The previous remark gives therefore a refinement of the well known upper 
bound 2?! + rt^ for dim G. 

We expect that G = Aut(M) is a Lie group for any stable domain (not necessarily 
embedded in C") and hence that the above estimate is true in full generality: We 
plan to attack such a problem in a future paper. 

6.3. Characterizations of circular domains and of the unit ball. 

Definition 6.6. Let (D, J, r) be a stable domain of circular type. An element 
g Cz G — Aut(£', J) is called rotational at the center Xo if g*\xo = ^I^t^ d for some 
A € C" so that A" 7^ 1 for any rt e Z. We say that M is rotational at Xo if G 
contains a rotational element at Xo- 

The following two theorems are extensions to the case of stable domains of a 
couple of results in [23] . 

Theorem 6.7. A stable domain of circular type {D,J,t) is biholomorphic to a 
circular domain in C" if and only if it is rotational at some point Xo € D. 

Proof. There is no loss of generality if we assume that D is in normal form, i.e. 
that {D,J,t) = (B^'jJjTo), and that Xo = 0. If g is rotational, the lifted map 
~ . £jn _^ j^n gQ -j-jj^g^^ gl^pn-i = Idcpn~i. Moreover, by Lemma [2.21 Tq og = Tq 
and hence g induces on any standard radial disc a biholomorphism that fixes the 
origin and with derivative at equal to A. This implies that A — e*® for some 
6* G R and, in a system of coordinates as described before (2.5), g is of the form 
g{v, = {v, e'^C)- Moreover, since 5 is a J-biholomorphism and induces on CP"^^ 
the identity map, all Bland and Duchamp invariants do not change under the action 
ofg. In particular any invariant 0^*^-', A; > 1, is so that - e^'^^C^) = 0. bmce 
j^k _ ^ike _^ 2 for all fc, we get that c/)*^'') — for any fc > 1 and the conclusion 
follows from Proposition 16.11 b). □ 

Theorem 6.8. A stable domain {D, J, r) is biholomorphic to the unit ball _B" if 
and only if it is rotational at two distinct centers Xo,x'g G D. 
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Proof. The necessity is trivial. For the sufficiency notice that, by the previous 
theorem, D is biholomorphic to a circular domain / C C", which is rotational w.r.t. 
to two distinct points. The conclusion follows automatically from \^ , Thm. 9.4. 
□ 

In the following statement, for a given manifold of circular type (M, J, t) with 
T : M ^ [0,7"^) and center Xo, for any c G (0,r^), we denote by the domain 
contained in M defined by AI — { x G M , t{x) < c }. We remark that the 
indicatrix at Xo of (M, J, t) coincides (up to rescaling) with the indicatrix at that 
point of {D^c, J,t). From this and Proposition 13.11 it can be directly checked that 
{D^c, J, t) is always a stable domain if I?<c C M. 

Theorem 6.9. Let (M, J, r) be a manifold of circular type of dimension n. Then M 
is biholomorphic to a circular domain in C" if and only if for some given parabolic 
exhaustive function r there exist two domains D^c, D^c', < c < c' < r^, that are 
biholomorphic one to the other by means of a map fixing the center of t. 

Proof. The necessity is direct: If M C C" is a circular domain with Minkowski 
function /i and we set t ~ jj?, then the map f{z) = determines a biholomor- 
phism between -D<c and Dc' for any two c,c'. 

To prove the sufficiency, we may assume that M is in normal form, i.e. M = 
(B", J, To) and that the parabolic exhaustive function which defines the two biholo- 
morphic stable domains D<c and -D<c' is the function t — Tq. Notice also that the 
restriction on D^c' of the map 

d 

is a normalizing map for Z)<c' (i.e. maps {D^c',J,To) into (B^^,J,To)) and maps 
D^c into Dk, k = c/c'. 

It follows directly from definitions that the indicatrix / at = of (B", J, Tq) 
is the same of the {Dk, J, Tq) (up to rescaling) and hence all special frames of the 
first domain at coincide with the special frames of the second domain up to 
multiplication by k. On the other hand, by hypothesis and Lemma 2.2, we have 
a biholomorphism of domains of circular type / : {D^k, J,To) {B"^,J,To) so 
that /(O) = 0. The differential /*|o : ToD^k = TqB"- TqB" is a C-linear map 
mapping k ■ I into / and hence mapping a fixed special frame (e^) into another 
special frame (e-) rescaled by the factor 1/k. Let us denote by / : i?" — > B" the 
unique normalizing map of (-B", J, To) which transforms (e^) into (e^) (see Theorem 
[63)) . The hft at the blow up level of /"^ o / is a diffeomorphism between B" and 
£'<fc C which induces the identity map on CP"^^ and so that, when restricted 
to any radial disc, it is a holomorphic map (w.r.t. the standard complex structure) 
fixing the center, mapping the unit disc into the disc of radius k and with derivative 
equal to k at the origin. Therefore f~^ o / is of the form 

{f^^ ° f){[z],z) ^'ipk{[z],z) , where Vfe(W, 2) =^ ([z], A:z) . 

The same argument can be repeated for any iterated map /" = / o • • • o / and we 
obtain that, for any n G N, the map 

is a normalizing map of (-B", J, Tq), fixing the origin. Since the normalizing maps 
fixing the origin are continuously parameterized by the compact set of special frames 
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at the origin (~ Un), we may consider a subsequence Uj so that the sequence of 
normahzing maps /("j^ converges uniformly on conipacta to a normahzing map 
j(oo), jn particular, the sequence of complex structures J("j) =^ J) converges 

to a complex structure J^°°'> ~ f^°°^*{J). On the other hand, since / is a {J,J)- 
biholomorphism, we have that 

=/(«.)*( J) = J) _ 

A direct computation shows that, for any point ([z],z) G -B", the deformation 
tensor 0''"^'|([z],z) of ^^"{J) coincides with the deformation tensor of J, but 
evaluated at the point ([z], /c"j z). It follows that 

i.e. the deformation tensor of is independent on the coordinate of the 
radial discs. By Proposition [^3 this means that the domains 

(B", J^^\to) ~ (B", J, To) ~ P<c', J, To) 

are all circular. In particular, the restriction to -D<c' of the deformation tensor of the 
manifold from which started, i.e. of (-B", J, Tq), is independent on the coordinates of 
the radial discs. By Proposition [5?2] (iii) (i.e. analyticity along the radial discs), we 
get independence on the coordinates of the radial discs over the entire (i?", J, Tq). 
Using once again Proposition 16.11 we get the claim, i.e. (B", J, Tq) is circular. □ 

Remark 6.10. Notice that the proof of previous theorem implies that, if we assume 
that (Af , J, t) is a stable domain (in particular if it is a strictly convex domain in 
C"), the claim is true also when c' — and D^c' = M. 

By the previous theorem and remark and by Theorem lG.S) we have the following 
direct corollary. 

Corollary 6.11. A stable domain D is biholomorphic to the unit ball if and only 
it has at least two centers Xo ^ x'o and it is biholomorphic, by means of two maps 
fixing Xo and x'o, respectively, to two proper subdomains D^c ^ { ^ < c }, D'^^, = 
{ t' < c' }, with T, t' parabolic exhaustive functions associated with Xo and x^, 
respectively. 
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